Harmonic radiation from microstrip patch oscillators is examined experimentally and theoretically using both a single and dual parallel-tuned circuit Van der Pol oscillator model. Closed-form expressions are obtained for the fundamental and first harmonic voltage amplitudes, and results show reasonably good agreement with a commercial circuit simulator. Such expressions will be useful for designers of active integrated antennas, giving them greater physical insight into their operation. Experimental results are presented for three configurations of a patch oscillator, i.e., rectangular patch, circular-sector patch, and quarter-wave shorted patch. The latter two configurations present very low resistance at the first harmonic frequency and this leads to improved harmonic suppression performance. This is in qualitative agreement with theoretical predictions.
I. INTRODUCTION
F UTURE systems employing active antennas will require very low levels of harmonic radiation in order to meet electromagnetic compatibility specifications. Active antennas introduce nonlinear devices directly into the antenna and, thus, they can exhibit high levels of harmonic radiation. Moreover, due to size constraints, filters cannot be easily added, as in conventional systems. In the case of active receiving antennas, it seems that, by suppressing the harmonic resonances of the antenna, the harmonic reception problem can be reduced [1] , [2] . However, with patch oscillators, due to the interdependence of the active device and patch, the solution to the problem of harmonic radiation is more complex and it may be approached in two ways. Firstly, out-of-band radiation from the active integrated oscillator can be minimized at the design stage by control of the impedance presented by the antenna to the oscillator. Secondly, it may be controlled once the device has been constructed by the use of frequency-selective surfaces [3] . This paper concentrates on the first approach. Firstly, a theoretical analysis is presented, which gives the designer insight into the amount of harmonic suppression obtainable for a given first harmonic antenna input resistance. This paper then presents experimental results, which show the levels of suppression that are obtainable with three different configurations of a patch oscillator. Firstly, a radiative edge-fed rectangular patch oscillator, where the an-tenna will have relatively high input resistance, at the first harmonic frequency. Secondly, two examples of patch oscillators using antennas with low first harmonic input resistance, i.e., a circular-sector patch and a quarter-wave shorted patch.
II. ANALYSIS AND SIMULATION
Several methods have been suggested for analysis and simulation of active integrated antennas [4] . Very simple equivalent-circuit models have been used to allow dynamic modeling of arrays [5] , while more accurate active device equivalent circuits have been linked to the method of moments [6] and finite-difference time-domain (FDTD) method [7] . The very simple models allow analytical expressions to be derived that give great insight into performance mechanisms. The more accurate full-wave models are computationally intensive. In this paper, the extension of simple models to the prediction of harmonic radiation is explored with the aim of extracting analytic expressions and design insight.
Firstly, a single parallel-tuned circuit is used to model the fundamental resonance of a microstrip patch oscillator to allow simple expressions for harmonic levels to be obtained. This is described in Section III. However, this simple model is found not to adequately model the harmonic behavior of the patch oscillator. The model can be improved by including higher order resonances of the patch antenna. Since these often occur at harmonic intervals, they will be likely to have large effects on harmonic radiation. This is achieved by adding a second paralleltuned circuit in series with the first. This is described in Section IV.
Some comments on the analytical solution can be made. The solution proceeds by obtaining a differential equation, which describes the behavior of the circuit. In the case of the single parallel-tuned circuit model, this is nonlinear and of second order. For the dual circuit, a fourth-order equation is obtained. There are a number of methods that can be employed to solve this problem analytically. It should be noted that, not only is a solution at the fundamental frequency required, but a solution at the first harmonic is also needed. This requirement limits the approaches that can be taken.
Initially, a perturbation method was considered [8] . This allows the investigation of weakly nonlinear systems and was used by Van der Pol [9] to investigate the steady-state solution for triode generators. It assumes that the solution can be written in terms of a polynomial in powers of a small parameter that describes the strength of the nonlinearity. By back substitution, the original equation can be rewritten as a series of simultaneous linear equations, which may be solved recursively. For the case of a second-order nonlinear equation, this approach gives 0018-9480/02$17.00 © 2002 IEEE reasonable results. However, as the model becomes more detailed, this approach becomes rather cumbersome. An elegant approach, also shown by Van der Pol [9] , [10] , involves assuming a form for the steady-state solution and substituting this back into the original equation. This may then be rewritten as a sum of sine and cosine terms, the coefficients of which can be formed into a set of simultaneous equations. This method is elegant since it automatically gives solutions for the fundamental and first harmonic and, in principle, for any number of harmonics. The Mathematica software package has been used to expand the differential equations in terms of sines and cosines and to obtain solutions for the nonlinear simultaneous equations.
III. SINGLE RESONATOR CASE

A. Analysis
An example of an active antenna is shown in Fig. 1 . The drain of a field-effect transistor is connected to the edge of a microstrip patch, which acts as both the resonant load for the oscillator and a radiating element. The source and gate are loaded with short-circuit transmission lines in order to obtain a negative resistance at the drain port. The oscillator was designed using Hewlett-Packard's Microwave Design System (MDS). Both the linear and nonlinear oscillator design tools were used in combination with a transmission-line model of the patch antenna [11] . The design procedure and a typical schematic layout is presented in [12] .
A Van der Pol analysis of the patch oscillator was performed using a simple parallel-tuned circuit to model the patch and a nonlinear negative resistance to model the field-effect transistor, as shown in Fig. 2 . The values of , , and are found by fitting the model to the measured input impedance of the antenna. The voltage differential equation for a single circuit is (1) where is the nonlinear conductance derived from the current-voltage relationship shown in (2) . A cubic polynomial is the minimum order required to obtain stable oscillation conditions [13] (2) Differentiating (2) with respect to , we obtain
and . It is reasonable to assume the solution of (1) to be a sum of sinusoids, and assuming that terms above the first harmonic can be neglected (comparison with numerical simulation in Section III-B will show this to be valid), we obtain (4) This is now substituted in (1), and since steady-state solutions are required, it is assumed that
The result is expanded and an equation with the following form is obtained:
Since these four terms are orthogonal, the coefficients , , , and of (5) can be equated to zero, resulting in four simultaneous equations for and . Only two of these equations are required and, in this case, the correct solutions have been obtained using the equations from coefficients and . If , which is true for most oscillators, the following expressions are obtained: (6) and (7) From (6), it is seen that is real only when . This is, in fact, the well-known small-signal oscillation startup criteria for parallel resonant circuits and, equivalently, for series resonant circuits [14] . Equation (7) shows that the level of the first harmonic is proportional to , which seems intuitively correct since (2) shows that first harmonic terms are generated by the term involving . Remembering that the quality factor of a parallel circuit is given by (8) it may be observed that the level of the first harmonic ( ) is inversely proportional to the of the resonator. This highlights an immediate problem when using microstrip patches as resonators since, the higher the of the patch, the poorer its antenna performance in terms of bandwidth and, hence, frequency tuning. Thus, a compromise between antenna performance and harmonic level may well be required.
B. Numerical Results
In order to validate these results, a Van der Pol oscillator has been implemented using the Hewlett-Packard MDS harmonic-balance simulator. To obtain typical values for the conductance coefficients of (3), a harmonic-balance analysis with swept input power was performed in order to determine the input admittance at the drain of the oscillator with the patch removed. Coefficients were extracted by fitting a polynomial to the real part of the admittance-voltage data at a single frequency. A symbolically defined device (SDD) was then used within MDS to simulate the nonlinear conductance. Results for harmonic levels with respect to are shown in Fig. 3 . Good agreement has been obtained between the closed-form expressions and MDS. This validates the analysis method and shows that the assumptions made were reasonable. It is seen that, as the load conductance approaches the value of the device negative conductance, the level of the first harmonic decreases, and this is consistent with the concept of a low-perturbation oscillator design approach. The levels of the first harmonic shown are very low and, indeed, much lower than values typically obtained for patch oscillators (see Section V). This suggests that a single parallel-tuned circuit does not adequately model the patch. The model can be improved by taking into account the first higher order resonance of the patch antenna.
IV. DUAL-RESONATOR CASE
In order to model the first higher order resonance of a microstrip patch, a second parallel-tuned circuit is added in series, as shown in Fig. 4 . The voltage differential equation for the dual circuit is now fourth order as follows: (9) where and , and where is given by (3). Equation (9) shows the large increase in complexity incurred by introducing a second resonance in the model. It is no longer possible to obtain solutions using the procedure for the singleresonator case. In order to proceed, a solution for the fundamental amplitude is first sought. It is assumed that and, thus, the solution may be approximated by a single cosinusoidal term (10) Equation (10) is now substituted in (9) . The result is expanded as before and, since there is only one unknown, only one equation is required, for which correct solutions are obtained using coefficient . The solution for is (11) This is seen to be of the same form as for the single-resonator case and depends only on the fundamental resonant circuit resistance . This approximation can now be used to obtain a solution for the harmonic voltage amplitude .
In the single-resonator case, the full solution is written as the sum of the fundamental and first harmonic sinusoids. However, using this in the dual-resonator case produces insoluble simultaneous equations. It was found to be necessary to include a second harmonic term in order to proceed. Thus, the form of the solution is (12) If (12) is now substituted in (9) and expanded in sines and cosines, four simultaneous equations are obtained. Assuming and , we can ignore terms in , , and , giving
Proceeding as for the single-resonator case, the assumption of steady state allows (13) to be equated to zero. Solving for and and substituting in the approximate solution for in (11) , a solution for the first harmonic is found in (14) , shown at the bottom of this page, where and
The closed-form expressions for and were again compared with MDS. The results are shown in Fig. 5 . The fundamental oscillator output voltage is plotted against input resistance at the fundamental frequency. The range of resistance is typical for microstrip patches. The first harmonic amplitude is also plotted at two different first harmonic input resistances. The conductance coefficients have been recalculated at a different bias point in order to allow more realistic patch input impedances to be used, i.e., between 500-50 . The agreement between the analytic expressions and MDS for the fundamental is very good and the agreement for the first harmonic is reasonable across a wide range of input resistance values. These results seem intuitively correct since, as the first harmonic resistance approaches zero, the first harmonic amplitude reduces. Some typical measured results are also shown as the circle-funda- mental and square-first harmonic. These show that the theoretical results are similar to those found with practical oscillators. The results show that lowering the resistance will reduce the amplitude of the first harmonic. This agrees with the results found for receive-type active antennas [1] , [2] . Thus, the analytical expressions give reasonable agreement with measurement, agree with intuitive understanding of oscillator action, and provide a useful first-order design tool. A further development would be to include the nonlinear susceptance of the oscillator circuit. It might still be possible to obtain closed-form expressions, and this would result in a much more accurate model for the patch oscillator.
V. EXPERIMENTAL RESULTS
A series of experiments were carried out to determine the degree of harmonic suppression that could be achieved using microstrip patch oscillators. Three types of patch geometry were used. Fig. 6 shows a rectangular radiating edge fed arrangement. Fig. 7 shows a circular-sector patch of design proposed by Radisic et al. [2] . Fig. 8 shows a quarter-wave shorted rectangular design. The antennas were all fabricated on a substrate of relative permittivity 2.2 and height mm and the MESFET device chosen was the Hewlett-Packard HP ATF 26884. The (14) Authorized licensed use limited to: UNIVERSITY OF BRISTOL. Downloaded on January 12, 2009 at 10:36 from IEEE Xplore. Restrictions apply. patch antennas were all designed to be resonant near to 4 GHz. The same oscillator circuit was used as shown in [12] with the addition of a gate-bias line to increase the tunability of the circuits. Drain bias was provided using radial stub bias networks. Gate bias was provided with radial stub bias networks for the circular-sector and quarter-wave shorted patch and with a surface-mount chip capacitor for the rectangular patch. In all cases, the ground planes were approximately 70 mm 70 mm.
The patch oscillators under test were mounted in an anechoic chamber and placed 1.0 m away from a wide-band receiving antenna, which was connected to an HP83006 0-26.5-GHz amplifier. The output of the amplifier was connected to the HP8560E spectrum analyzer. A personal computer was used to automatically control the experiments and record the output data. In all cases, the oscillator bias conditions were adjusted to obtain the best harmonic suppression. The radiation patterns for these patch oscillators were measured in 2 steps through a full 360 arc, in both co-and cross-polarizations at both fundamental and first harmonic frequencies. Since the cross-polar result at the fundamental frequency was always lower than the co-polar result, the data is omitted for clarity.
A. Fundamental and Harmonic Radiation Patterns
Figs. 9 and 10 show the -and -plane radiation for the end-fed rectangular patch of Fig. 6 . The fundamental -plane pattern agrees reasonably well with that expected for a rectangular patch. There is however a beam squint to 40 and the front-to-back ratio is quite poor. These could be caused by radiation from the gate and drain transmission lines and from the chip capacitor ground connection at the gate line. The harmonic levels can be seen to be very high, in some case, only 1 dB lower than the fundamental at boresight. The -plane patterns are shown in Fig. 10 . The fundamental pattern is quite poor and this is most likely due to radiation from the oscillator circuitry. The harmonic levels are seen to be generally lower here. Figs. 11  and 12 show the radiation patterns for the circular-sector patch oscillator. Both -and -plane patterns are as one would expect for a circular-sector antenna [2] . There is no beam squint and a good front-to-back ratio. This may be due to the use of broad-band radial stubs instead of chip capacitors for gate biasing, as in the case of the rectangular patch. The harmonic radiation levels are much lower here, better than 18 dB at boresight and better than 13 dB in the upper half-plane. Figs. 13 and 14 show the results for the quarter-wave shorted patch oscillator. Again, good fundamental radiation patterns are shown in both -and -planes. In this case, the harmonic suppression is further reduced to better than 21.4 dB on boresight and better than 17.1 dB in all of the upper half-plane. The performance of the three antennas is summarized in Table I . In terms of input resistance, the rectangular patch will have the highest value; in the ideal case of a patch that is one wavelength long at the first harmonic frequency, the input resistance would be half of the radiation resistance and would be approximately 200 for the patch shown in Fig. 6 [15] . In the case of the circular-sector patch, the input resistance is known to be very low at the first harmonic frequency [2] , and the quarter-wave shorted patch will also be very low. Further work would be required to correlate the measured harmonic suppression with actual patch input resistances.
These results have shown that it is possible to reduce harmonic emissions from patch oscillators in the principle radiation planes by controlling the input resistance levels at the first harmonic frequencies. Full characterization of harmonic emission from patch antennas is a very demanding experimental task and will require full three-dimensional (3-D) radiation patterns.
VI. CONCLUSIONS
Harmonic radiation from patch oscillators has been investigated both theoretically and experimentally. Closed-form ex-pressions for fundamental and first harmonic voltage amplitudes have been obtained for both single and dual Van der Pol oscillators. They have been compared with a harmonic-balance analysis using MDS. In the single-resonator case, excellent agreement was found with MDS, but the levels of harmonic predicted were much lower than would be expected for patch oscillators. To improve the model, a second resonant circuit was introduced to model the first harmonic resonance of the patch. Here, reasonably good agreement was obtained with MDS and the harmonic levels were closer to those typically found in patch oscillators. The type of expressions obtained here can help to give the active antenna designer insights into the complex nature of these circuits without relying on time-consuming simulation on expensive commercial computer-aided design (CAD) packages. In particular, it has been shown that the first harmonic level will reduce with the input resistance of the antenna at that frequency.
The ideas proposed by the theoretical analysis have been experimentally investigated by constructing patch oscillators with antennas having different input resistances at the first harmonic frequency. The results presented show that best performance has been obtained with a quarter-wave shorted patch with radiative edge feeding, which will have very low first harmonic input resistance.
